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Abstract--Three dimensional conjugate mixed convection in a rectangular channel is numerically inves- 
tigated. The facus is on the effects of local buoyancy generated by a discrete heat source mounted on a 
thermally conducting board. Calculations cover 0.126 ~< Re <~ 1260, Gr = 7.8789 x 107, 1 ~< • ~< 100, and 
Pr = 0.71, respectively. Flow fields show active interaction between the buoyancy-induced thermal plume 
and the approaching external flow in the mixed convection regime where the temperature distribution, heat 
flux, and heat transfer coefficients all strongly depend on such flow interaction. In addition, the Nusselt 
number on top of the heat source indicates significant three-dimensional effects. The 'modified 5 % deviation 
rule' is propoaed in an effort to define the natural, mixed and forced convection regimes. The proposed 
rule is especially appropriate for conjugate heat transfer problems in which the thermal conductivity of the 
board plays an important role in determining the heat transfer mode. A correlation for Omax/K 1/2 is sought, 

and the mi'md convection regime is accordingly determined as 1.81 x t0 3 ~< Re/Gr ~,2 < 2.80 × 10 -2. 

1. INTRODUCTION 

In recent years, mixed convection heat transfer in a 
channel has been studied primarily by considering 
either isothermal oi' adiabatic boundary conditions 
along the surface on which heat sources are mounted. 
Consequently, attention has been focused solely on 
the flow patterns and convective transport phenomena 
within the fluid. The importance of  the buoyancy 
effect, however, is also determined by the relative mag- 
nitude of  certain properties, such as the thermal con- 
ductivity of  the conducting board. The typical elec- 
tronic package, for example, involves air cooling of  
electronic components on a thermally conductive 
printed circuit boar& Therefore, an understanding of  
coupled conduction and convection is crucial when 
faced with the task of  enhancing the thermal perform- 
ance of  electronic components  mounted on the board. 
In addition, one may encounter three-dimensional 
mixed convection flaws above discrete heat sources 
on a thermally conducting board in a rectangular 
channel. In this cast,', the numerical investigation of  
mixed convection becomes a formidable task due to 
the complex governing equations. Consequently, sim- 
plified geometries in a two-dimensional channel with 
either a single or mu].tiple heat sources have been con- 
sidered by many re,searchers. Simple configurations 
are advantageous in that basic physics is sufficient 
to explain the natu:m of mixed convection and the 

numerical solutions are not too complicated to under- 
stand and interpret. However, mixed convection due 
to discrete heat sources cannot be completely under- 
stood without consideration of  three-dimensional 
effects in many practical situations. 

Many researchers have investigated either mixed 
convection or conjugate forced convection with dis- 
crete heat sources in a two-dimensional channel [1- 
9], and Choi et al. [8, 9] have summarized these inves- 
tigations. However,  there are only a few reports avail- 
able on two-dimensional conjugate mixed convection 
heat transfer. Kim et al. [10] reported conjugate mixed 
convection in a two-dimensional channel with rec- 
tangular blocks. They demonstrated the importance 
of  buoyancy effects as well as conduction through a 
printed circuit board. In addition, they showed that 
over-simplified isothermal or adiabatic boundary con- 
ditions might not be appropriate for simulating the 
cooling of  modern electronic devices. Papanicolaou 
and Jaluria [11, 12] extensively studied two-dimen- 
sional conjugate mixed convection from a localized 
heat source in a cavity with two openings. Oscillatory 
results were observed beyond the critical value of  
Gr/Re  2, and the results were initially characterized by 
a single frequency. As Gr/Re  z increased further, the 
oscillations showed irregular patterns which indicated 
that the flow was approaching the turbulent regime. 

A relatively small number of  three-dimensional 
mixed convection studies have been reported in the 

1223 



1224 C.Y. CHOI and S. J. KIM 

NOMENCLATURE 

A top surface area of heat source 
Gr Grashof number, gf lq"HS/k /v  2 
H overall channel height [m] 
h heat transfer coefficient [W m 2. K] 
k thermal conductivity 
L streamwise total channel length [m] 
n dimensionless normal direction 

coordinate 
Nu local Nusselt number, equation (7) 
Nu average Nusselt number, equation (8) 
p pressure [Pa] 
P dimensionless pressure, p /pu  2 

Pr Prandtl number, v/~ 
q" volumetric heat generation [W m -3] 
Re Reynolds number uoH/v 
S source term, equation (6) 
t thickness of the heat source 
T temperature [°C] 
u, v, w x- y- and z-direction velocities [m s l] 
U, V, W x- y- and z-direction dimensionless 

velocities, equation (lb) 
x,y,z dimensional coordinates [m] 

X, Y, Z x- y- and z-direction dimensionless 
coordinates, equation (la), 

Greek symbols 
fl coefficient of thermal expansion [°C- ~] 
~c thermal conductivity ratio, ks/kf 
p dynamic viscosity [kg (m" s)-i] 
v kinematic viscosity [m 2 s 1] 
0 dimensionless temperature, equation 

(lc) 
p density of fluid [kg m 3]. 

Subscripts 
f fluid (air) 
h heat source 
o free stream at inlet 
s solid 
t top 
u upstream 
w wall 
max maximum. 

literature even without consideration of conjugate 
effects. Shaw et al. [13] studied mixed convection 
phenomena with an isothermal heating block in a 
three-dimensional channel. Their research showed 
that the Nusselt number, as well as the flow field of a 
three-dimensional channel, is very different from that 
of a two-dimensional channel. Incropera and co- 
workers [14-16] conducted a series of experiments to 
investigate mixed convection resulting from a forced 
air or water flow in a horizontal plane duct, and they 
visualized four flow regimes along the bottom plate--  
laminar, mixed, transitional, and turbulent regimes. 
Consequently, significant improvement in heat trans- 
fer was found to be due to the buoyancy-driven sec- 
ondary flow. Recently, Huang and Lin [17] numeri- 
cally investigated the unsteady and transitional 
characteristics of mixed convection flows of air in 
a three-dimensional channel. The evolution of these 
complicated flows was discussed in detail. Mixed con- 
vection in a semicircular duct with an axially non- 
uniform boundary condition on a flat wall has been 
numerically studied by Karki et al. [18]. The study 
showed the significant effect of the thermal boundary 
condition along the curved wall on the secondary flow 
pattern and, therefore, on the heat flux distribution 
on the heat transfer surface. 

In an effort to elucidate the physics of three-dimen- 
sional mixed convection, the present study involving 
both conduction and convection focuses on the effects 
of local buoyancy generated by a discrete heat source 
placed on a thermally conducting board. Therefore, 
the attendant mixed convection that occurs when flow 
is induced into the channel by external means is also 

considered. The resulting temperature and pressure 
distributions, as well as the Nusselt number and the 
maximum temperature, are of practical interest. The 
modified '5 % deviation rule' is proposed based on the 
maximum temperature results in order to identify the 
mixed convection regime. 

2. FORMULATION AND NUMERICAL 
PROCEDURE 

The geometry considered in the present study is a 
rectangular horizontal channel in which a thermally 
conducting board is located. A volumetric heat source 
is flush-mounted to the board as shown in Fig. 1. The 
total channel height (H = H, + He + Hb) is chosen as 
a characteristic length for the non-dimensionalization 
of the governing equations. In comparison with H, 
the important dimensions are Ht = Hb = 0.425H, 
Hc = 0.15H, t = 0.025H, W =  2.5H, Wh = Lh = 0.5H, 
Lf = H, Lu = Lb = 2.5H, and Ld = 3.5H. Therefore, 
the total length of the channel is 10H. A pressure- 
driven external flow is maintained throughout the 
channel in addition to the buoyancy-induced flow. 
The side walls (at z = 0 and W) are adiabatic, and the 
temperature of the top and bottom walls as well as 
the inlet flow temperature is constant (To). The top 
and bottom walls are parallel to the conducting board. 
In electronics cooling applications, the board covered 
with electronic components may face the smooth 
shields to avoid electro-magnetic interference from 
adjoining boards. 

It is assumed that the flow is steady, incompressible, 
and laminar. In addition, the thermophysical proper- 
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Fig. 1. (a) Schematic figure and coordinate diagram of the channel, (b) grid system. 
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ties are assumed to be constant. Based on the charac- 
teristic length H, the dimensionless variables are 

x y z 
X = ~  Y = ~  Z = ~  

U V W 
U = - -  V = - -  W -  (lb) 

Uo U0 Uo 

T-To p 
0 - P = - -  (lc) 

q"H2/ks pu~ 

where uo, To and k~ represent the inlet velocity, inlet 
temperature and conductivity of the board, respec- 
tively. The corresponding dimensionless conservation 
equations for mass, momentum and energy are, 
respectively, 

OU OV OW 
~--~ + ~ + ~ -  = 0 (21 

ov ev wOU_= 
uT£ + v ~  + oa 

0P 1 (02V 020 02U~ 

0x ~ ~ \0x ~ + ~Y~ + 0zV (3) 

OV OV 011 OP 
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u S £  + v T f  + w;~2 = oz 

1 {02W 02W c~ W'~ 

00 00 00 x* 
U ~ +  V~-y + W OZ - Re" Pr 

× ( e 2 °  020 02o  s 

\ o x  2 + + + 

where ~c* = ~c in the solid region and x* = 1 in the 
fluid region. In addition, ~c indicates the conductivity 
ratio, kdkf. The source term (S) in the energy equation 

(la) becomes unity in the region of the volumetric heat 
source; otherwise, this term disappears (S = 0). In 
the solid region, the velocities are zero in the energy 
equation so that only conduction takes place. The 
boundary conditions can be readily non-dimen- 
sionalized, and they are omitted for the sake of 
brevity. 

A control-volume-based finite difference program 
[19] has been used to solve the system of elliptic partial 
differential equations for pressure, velocity and tem- 
perature. The solution resulting from the control vol- 
ume formulation implies that the conservation of 
mass, momentum and energy is exactly satisfied over 
the entire domain, as well as over any group of control 
volumes. After a series of test runs, a non-uniform 
mesh (53 × 32 × 30) was chosen for all cases. Further 
refinement showed minimal effect on the final results 
(less than 2% variation for 0max). In addition, the 
harmonic mean formulation suggested by Patankar 
[19] was used to handle abrupt variations in ther- 
mophysical properties, such as the thermal con- 
ductivity across the interface of two different media. 
This approach ensures the continuity of the convective 
and diffusive fluxes across the interface without 

(4) requiring the use of an excessively fine grid. Under- 
relaxation has been used to ensure convergence. For 
forced convection, the downstream boundary con- 
ditions have a limited influence on the outcome 
because of the strong parabolic characters of the prob- 

(5) lem. Hence, it was possible to obtain accurate results 
for the physical domain using an extended com- 
putational domain in the stream-wise direction. 

For a typical run, the total number of iterations of 
equations (2)-(6) required to reach the steady-state 

(6) was about 500 for forced convection and about 5000 
for mixed and natural convection on a Convex 240. 
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An overall energy balance was used as an additional 
check on the accuracy of  the results of  each run. The 
difference between the heat input and the convective 
energy gain from inlet and the overall loss to exit is 
less than 5% for all cases. 

3. RESULTS AND DISCUSSION 

The present investigation focuses on the heat trans- 
fer characteristics resulting from the local buoyancy 
as well as the conjugate effects due to the thermally 
conducting board. The increase in air temperature, 
the heat transfer coefficient and the maximum 
temperature in the heat source are of  practical 
interest. Calculations have been performed for 
P r = 0 . 7 1 ,  1 ~<tc~< 100, G r = 7 . 8 7 8 9 x 1 0 7  and 
0.126 ~< Re <~ 1260, respectively. First, 1, = 10 was 
chosen to depict typical flow patterns, temperature 
and heat flux contours on the board surface, and the 
local Nusselt numbers in Figs. 2-6. Then, the import- 
ance of the conductivity ratio was addressed. The 
values for the key dimensionless variables are carefully 
selected to cover natural to mixed to forced convec- 
tion. They may also represent realistic situations in 
many engineering applications. As an exemplary case, 
let us consider a 2 cm high channel (i.e. H = 2 cm). 
The corresponding average heat flux from the 
heat source becomes approximately 0.125 W ' c m  2 
(q" - 5 W ' m  3), while the external velocity ranges 
from 1 x 10 4 to 1 m ' s  -~. In addition, the con- 
ductivity of  the board ranges from 0.0263 to 2.63 
W" (m" K) 1. These dimensional numbers are appro- 
priate for the air cooling of  an electronic component  
mounted on a printed circuit board. 

The velocity vectors in the mid-plane of Z-direction 
(i.e. Z = 1.25) have been plotted in Fig. 2 at the rep- 
resentative Reynolds numbers for all convection 
modes to display the role of  natural convection in 
modifying the external fluid flow. When Re = 1260 
(Fig. 2a), forced convection dominates the fluid flow 
pattern and the heat transfer process. As Re decreases 
to 12.6, the buoyancy effect becomes pronounced, and 
the strong interaction between the external flow and 
the natural convection cell is observed above the 
heater as depicted in Fig. 2b. On the other hand, a 
relatively weak buoyancy effect is noted under the 
board where forced convection predominates. This 
trend clearly indicates that the recirculating cells gen- 
erated by the bot tom heating case are much stronger 
than those generated by top heating. 

Above the conducting board, it is interesting to 
observe that one recirculating cell (left) is attached to 
the top of  the channel, while another one (right) is 
located near the conducting board;  i.e. the external 
flow initially follows and then suppresses the counter- 
clockwise recirculation cell and ultimately suppresses 
the clockwise second cell. A similar phenomenon was 
also observed using two-dimensional calculations in a 
channel [8]. At  Re = 0.126 (Fig. 2c), flow patterns 

above and below the board are nearly symmetric 
about the mid-plane (X = 3.75) of  the heat source, 
and natural convection completely dominates in both 
regions. 

The dimensionless air temperature on the X Z  plane 
at Y = 0.5996 is shown in Fig. 3. As for the velocity 
profile, the temperature distribution is symmetric with 
respect to the spanwise centerline of  the heat source 
at a low Reynolds number. As the Reynolds number 
increases, the isotherms stretch toward the down- 
stream direction. Al though the board is thermally 
conducting, the effect of  the heat source on the iso- 
therms is limited to the downstream side of  the heat 
source because of  the relatively low thermal con- 
ductivity of the board. It is observed that more ther- 
mal energy is transferred toward the upstream side as 
the conductivity of  the board increases. The dimen- 
sionless temperature on the top and bot tom surfaces 
of  the board (Y = 0.575 and 0.425) for Re = 1260 and 
0.126 are shown in Figs. 4 and 5, respectively. When 
the Reynolds number is high (Fig. 4), a streamwise 
parabolic effect is noticeable downstream from the 
heat source. In this case, it is narrow spanwise. On the 
other hand, when Re is small, the effect of  the heat 
source does not  extend downstream. It is rather more 
pronounced in the spanwise direction as shown in Fig. 
5 due to the influence of  the recirculating cell around 
the heat source. 

Figure 6 shows the dimensionless heat flux on the 
top surface of  the board. When forced convection 
dominates, the heat transfer rate reaches maximum 
value at the leading edge of  the heat source and 
decreases monotonically near the trailing edge as 
shown in Fig. 6a. The effects of  mixed convection 
become pronounced as the external velocity decreases 
(Fig. 6b, c), and a decrease in the heat flux is par- 
ticularly apparent near the inner port ion of  the heater 
surface. In the natural convection mode, the contour 
of  the heat transfer rate is axisymmetric (Fig. 6d). 
When the Reynolds number is smaller than 2.5 as 
shown in Fig. 6c, d, there is a local minimum point 
on the heater surface. It is worth mentioning that 
d0/d Y becomes negative behind the heat source when 
Re = 1260 as shown in Fig. 6a. This can be explained 
by the fact that the air temperature is higher than the 
board temperature in that region, and therefore heat 
is transferred from the air to the board. This phenom- 
enon is not observed in natural convection. 

4. MODIFIED FIVE PERCENT DEVIATION RULE 

To understand convective heat transfer charac- 
teristics on the surface of  the board, let us introduce 
the local Nusselt number and the average Nusselt 
number, respectively, 

h H  1 c?O 
Nu kf 0 ~n s (7) 
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(a) 

(b) 
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(c) 

. . . . . . . . .  ~ .-,-/~'* t p ; ~ ~ . .2 2 2 : [ 

Y 

T , x  
Fig. 2. Velocity vector field on XY-plane at Z = 0.126: (a) Re = 1260 ; (b) Re = 12.6 ; and (c) Re = 0.126. 

and 

- -  1 i n  N u  = ~ N u d A  (8) 

where n and the subscript 's' denote the normal direc- 
tion from the wall and the surface of  the board, respec- 
tively. 

In Fig. 7, the calculated values (symbols) of  the 
average Nusselt numbers on the top surface of  the 
board are plotted a:s a function of  R e / G r  ~/2 for differ- 
ent board conduclivities. For  small values of  the 
abscissa, natural convection dominates, and therefore 
N u  corresponds to pure natural convection. For  large 
values of  the abscissa on the other hand, forced con- 
vection dominates. The well known '5% deviation 
rule' by Sparrow et  al. [20] may be directly applied to 
the results. The rule states that a flow for which the 
average Nusselt number deviates by more than 5% 
from that for forced and natural convection is con- 
sidered a mixed flow. The numerical heat transfer 

results can be reduced to a correlation between 
Nusselt, Grashof  and Reynolds numbers. Correlat ion 
is sought in the form 

- -  / R e  \ G  
N u  = ~ C  1 -{- C 2 " ~ )  . ( 9 )  

Table 1 summarizes the constant values for three 
conductivity ratios, and the standard deviations are 
0.395, 0.133 and 0.158 for ~c = 1, 10 and 100, respec- 
tively. The corresponding regression lines are drawn 
in Fig. 7, and they fit well with the calculated values. 

Further  efforts have been made to simplify and 
improve the correlation including to, which have 
resulted in a complex functional form with a relatively 
poor curve fitting to the calculated data set. In 
addition, the importance of  either the local or the 
averaged Nusselt number on the heat source dimin- 
ishes as ~ increases due to the effects of  thermal 
diffusion throughout  the board. As an exemplary case, 
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(a) 

(b) 

(c) 

(d) 

Y 

Fig. 3. Isotherms on XZ-plane at Y=0.5996: (a) Re=0.126;  (b) Re= 12.6; (c) R e =  126; and 
(d) Re = 1260. 

Fig. 8 shows the local Nusselt number on the top 
surface of  the board at Re = 639 and x = 10. Con- 
jugate effects are pronounced near the heat source. In 
the upstream region of  the heat source, thermal energy 
obviously transfers from the board to the approaching 
air. In the downstream region, however, the local Nus- 

selt number becomes negative. This negative Nusselt 
number indicates that the thermal energy which con- 
vected from the top surface to the air in the upstream 
region is transferred back to the board. The energy is 
eventually transferred through the bot tom surface of  
the board by convection. Obviously, the higher ther- 
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(a) 

(b) 

Fig. 4. Dimensionless temperature at Re = 1260: (a) top surface (Y= 0.575); (b) bottom surface 
(Y = 0.425). 

mal conductivity of the board plays a crucial role in 
reducing Nu  on the heat source and in increasing Nu 

adjacent to the heat source. Consequently, the area for 
which the average Nusselt number applies becomes 
nebulous, and therefore the usage of the average Nus- 
selt number in corLjunction with the '5% deviation 
rule' for conjugate heat transfer problems becomes 

questionable. This explains the poor curve fitting and 
the need for an alternative approach. 

One of the most important objectives of thermal 
control in electronic packaging is to maintain the 
component temperature below the manufacturer's 
maximum specified operating temperature. For this 
reason, special attention is paid to the maximum tem- 
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Fig. 5. Dimensionless temperature at Re = 0.126: (a) top surface (Y=  0.575); (b) bottom surface 
( Y = 0.425). 

perature  in the volumetr ic  heat  source (i.e. the overall 
m a x i m u m  tempera ture  in the present  calculat ion 
domain) ,  and  calculat ions are repeated to obta in  a 
correlat ion by replacing the average Nussel t  n u m b e r  
(Nu) with the max i m um  dimensionless tempera ture  

(Om~O. The corre la t ion including • is 

{ • Re ~ c6 
Omax = 1t21/2|C4-~-C5 

\ Grin/ 
( l O )  
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where C4 = 8.39 x 10 7, C 5 = 8.07 × 10 9 and C6 = 
-0 .33 ,  respectively. The corresponding curve fit is 
much improved, in comparison with the previous 
at tempt with Nu;  i.e. the difference between the 
numerical results and the values from the above cor- 
relation is generally less than 3%. At the extreme 

forced convection limit, however, there are a few 
exceptions due to the relatively small values of  0ma x 

and the corresponding truncation errors. The curve 
fit is plotted in Fig. 9. Based on this correlation, the 
following criteria have been obtained in accordance 
with the '5% deviation rule'. 

I 
j ~ J  

z 

(a)  

( b )  

Fig. 6. Dimensionless heat flux on the top surface (Y=0.575): (a) R e =  1260; (b) R e =  12.6; 
(c) Re = 2.15; and (d) Re = 0.126. (Continued overleaf) 
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OOG 

o. 

¢ 

(c) 

Fig. 6~eontinued. 

( d )  

(i) Natural  convection regime 

Re 
- -  < 1 . 8 1  × 10 -3. 
GrJ/2 

(ii) Mixed convection regime 

Re 
1.81×10 -3 <~Gr~/2 < 2 . 8 0 x  10 2. 

(ii) Forced convection regime 

Re 
- -  ~> 2.80× 10 2. 
Grl.'2 

Each regime of convection is clearly defined and 
takes account of  the influence of  conduction through- 
out the board. Therefore, the present authors propose 
the 'modified 5% deviation rule.' This states that a 
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I O *  • • . . . . . . . . . . . . . . . . . . . . . . . .  

IO~ lo  ~ 1~ '  lO a 18 a 1o ~ 

R e  

G r  ],7 

Fig. 7. Average Nusselt numbers on the top surface of the 
hew: source vs Gr/Re 2. 

Table 1. Coefficielatsforcorrelation (equation (9)) 

C1 C: C3 

1 225.95 16025.70 0.4655 
10 55.15 19375.20 0.4297 

100 11.29 7148.34 0.4493 

flow for which a group of  dimensionless variables 
differs by more than 5% from the asymptotes for 
natural and forced convection will be considered a 
mixed flow. Included among the dimensionless vari- 
ables are the maximum dimensionless temperature 
and the conductivity ratio. 

5. CONCLUSIONS 

Three-dimensional mixed convection from a flush 
mounted heat source on a thermally conducting board 
has been numerically investigated. Emphasis has been 
placed on the interaction between the buoyancy- 
induced flow from an isolated heat source and the 
approaching external flow inside a rectangular chan- 
nel. In the mixed convection regime, the local Nusselt 
number on the top surface of  the heat source assumes 
a very different shape from that on the bot tom surface. 
Three-dimensional effects are especially pronounced 
on the top surface. Recirculating cells, as well as stre- 
amwise and spanwise conduction throughout  the 
board play a crucial role in determining heat transfer 
coefficients on the exposed surface. Correlations were 

Nu 

°I° 
..AO , 

".... 

Fig. 8. Local Nusselt number on the surface of the board. 

Nu 
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10 -4 

Natural  Convec t ion  ~ Curve  Fit, Eq. (10) 

A s y m p t o t e  ~ / /  

- - -  = ~  . . . . . . .  ~,, _ Forced  Convec t ion  
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Natural  Mixed  " ~ ~  
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10-3 10-2 10-1 

R e  

Gr l /2  

Fig. 9. Maximum dimensionless temperature vs Gr/Re 2. 
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obtained for the average Nusselt number  as a function 
of  the Grashof  and Reynolds numbers.  It was found 
that usage of  the average Nusselt number  was ques- 
tionable in determining convection regimes for con- 
jugate heat transfer problems. The 'modified 5% devi- 
ation rule' was proposed as an alternative to ' the 5% 
deviation rule.' The alternative rule uses the maximum 
dimensionless temperature as a function of  the con- 
ductivity ratio, the Grashof  number  and the Reynolds 
number. The resultant correlation yields significantly 
better results than those obtained with the average 
Nusselt number.  
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